There exist several slightly different notions of a "ring structure up to coherent isomorphisms on a category". In particular, recently the notion of ann-category introduced in [2] has been modified to obtain the notion of categorical ring in [1] . The aim of the latter modification was to make the relationship between the categorical rings and 3-cocycles in Mac Lane cohomology as apparent as possible. Subsequently in [3] relationship between these two notions was investigated. In the latter paper it has been proved that each ann-category in the sense of [2] can be canonically made into a categorical ring in the sense of [1] . There was in that paper one open question left however. One of the (minor) differences between ann-categories and categorical rings was that for an ann-category, part of the structure is a natural family of isomorphisms m · 0 ∼ = 0, 0 · m ∼ = 0 which satisfy coherence diagrams ensuring that both left and right multiplications by any object m are monoidal functors with respect to the additive structure. For categorical rings, these isomorphisms are not specified. More precisely, it was noted in [1] that some particular isomorphisms as above exist, and they have been used, but coherence conditions for them have not been required. Authors of [3] thus ask whether additional axioms are needed to turn a categorical ring into an ann-category.
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The aim of this note is to show that no additional conditions are needed: aforementioned isomorphisms used in [1] do indeed satisfy the coherence conditions for the monoidal functors with respect to the additive structure. Moreover they are in fact the unique ones which do. As a corollary one obtains that any categorical ring can be made into an ann-category in a unique way.
What we will show is slightly more than needed for this. Namely, we will prove the categorical analog of the fact that a semigroup homomorphism between monoids whose image contains an invertible element is in fact a monoid homomorphism.
Let us recall Definition. A structure of a monoidal functor on a functor F : M → M ′ between monoidal categories consists of a natural family of isomorphisms
for objects a, b ∈ M making the diagrams
commute, together with an isomorphism
1F (a)
and
commute.
Proposition. Suppose given a functor F : M → M ′ between monoidal categories such that there exists an isomorphism F (x)x
′ ∼ = 1 for some objects x of M and x ′ of M ′ . Then for any natural isomorphisms
making all the above diagrams F (a, b, c) commute, there exists a unique isomorphism F () : F (1) ∼ = 1 which together with F (a, b) comprises a monoidal functor structure.
Proof. Let us start with uniqueness. Choose some isomorphism ε :
F (1)1 11
It follows that F () must be necessarily equal to the composite
Let us denote the latter composite by F () ε and turn to the proof of existence. Namely, let us first show that this F () ε fits as F () in all diagrams of the form F (a, ) above. This follows from considering the diagram below.
F (a,1)
So it remains to show that the isomorphism F () ε also fits in all diagrams of the form F (, a). For that note that we have in particular proved that F () ε fits in the diagram F (1, ), i. e. the diagram
commutes. Then, the diagram
1F (1) 11
commutes too. It thus follows that F () ε is equal to the composite
Then, for any a in M there is a commutative diagram
This diagram shows that F () ε also fits in all diagrams F ( , a).
Corollary. Any categorical ring structure in the sense of [1] extends uniquely to an ann-category structure in the sense of [2] .
Proof. According to [3] (see the condition (U) and Theorem 4 there, page 11), a categorical ring with the monoidal functor structures with respect to addition on the left and right multiplication functors by each object is an ann-category. Now take in our proposition F : M → M to be one of these functors. Thus M is a categorical ring considered as a monoidal category with respect to the additive structure, and F is given by either F (a) = m · a or F (a) = a · m for some fixed object m ∈ M, where · denotes the multiplication bifunctor of the categorical ring. Since with respect to the additive structure M is in fact a categorical group, the condition of our proposition is obviously satisfied -in fact, for any object a ∈ M whatsoever there is an object a ′ ∈ M with an isomorphism F (a) + a ′ ∼ = 0. Moreover the isomorphisms F (a, b) making the diagrams F (a, b, c) commute (as required in our proposition) are part of the structure of categorical ring.
It thus follows from our proposition that in any categorical ring there exist unique isomorphisms m · 0 ∼ = 0, 0 · m ∼ = 0 fulfilling the condition (U) of [3] , i. e., according to Theorem 4 of [3] , turning this categorical ring into an ann-category.
